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Figure 1.1: The Redhead.
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Figure 1.2: Geographical distribution of the Redhead.
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Nt t = 0, 1, 2, ..., Nt



Nt = Nt−1 (b0 + b1Nt−1 + σZt),

b0, b1 ∈ R σ ∈ R+ Zt ∼ N(0, 1)

t

t − 1

k = 2

Nt t = 0, 1, 2, ...,

k ∈ N Nt

Nt = Nt−1 (b0 +
k∑

i=1

biNt−i + σZt),

b0, b1, ..., bk ∈ R σ ∈ R+ Zt ∼ N(0, 1)

bi Nt−i

Nt−1 b0

σ Zt



yt = Nt + StZt,

yt t St

Zt ∼ N(0, 1)
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θ ∈ Θ

p(θ) θ x =

(x1, ..., xn) f(x|θ)

π(θ|x) = f(x|θ)p(θ)
f(x)

π(θ|x) θ



∫

Θ

f(x|θ)p(θ) dθ

x0, x1, x2, ...

xt+1 xt

p(xt+1|xt)

x0 t = 0

i, j xn+1 = j xn = i n n





b0 N(0, 1)

b1 N(0, 1)

b2 N(0, 1)

σ Γ−1(0.001, 0.001)

Table 2.1: Prior distributions for themodel parameters.

k = 2



library(rjags)

library(XLConnect)

in.data <− readWorksheetFromFile("duckdata.xlsx", sheet=1)

Nhat <− in.data[7:48, 16]/1000

SE <− in.data[7:48, 17]/1000

bigT <− length(Nhat)

modelstring <−

'model{

### Priors

# b_0, b_1 and b_2

b[1] ~ dnorm(0, 1)

b[2] ~ dnorm(0, 1)

b[3] ~ dnorm(0, 1)

# Population size at times 1,2 with standard error, in millions

N[1] ~ dnorm(Nhat[1], 1/(SE[1]*SE[1]))T(0,)

p[1] <− log(N[1])

N[2] ~ dnorm(Nhat[2], 1/(SE[2]*SE[2]))T(0,)

p[2] <− log(N[2])



# Sigma determines size of random fluctuations in the process

model

tau ~ dgamma(0.001, 0.001)

sigma2 <− 1/tau

sigma <− pow(sigma2, 0.5)

for(t in 3:bigT){

# Process model

Ep[t] <− p[t−1] + b[1] + b[2]*exp(p[t−1])+ b[3]*exp(p[t−2])

# Realized value with process error

p[t] ~ dnorm(Ep[t], tau)

N[t] <− exp(p[t])

# Observation model

prec[t] <− 1/(SE[t]*SE[t])

Nhat[t] ~ dnorm(N[t], prec[t])

}

}'

# Input data

dat = list('Nhat' = Nhat,'SE' = SE, 'bigT' = bigT)



# Load model

m <− jags.model(textConnection(modelstring), data = dat)

# Burn in, in addition to the default burn in of 1000

update(m, 19000)

# Sample for inference

n.iter <− 2000000

samples <− coda.samples(m, c("b[1]", "b[2]", "b[3]", "sigma"), n.

iter=n.iter)

# Plot samples

plot(samples)

# Record and print summarized results

results <− summary(samples)

print(results)

1961-2002: MCMC implementation for parameter estimation.



bi b[i + 1]

b0 0.194 0.191 0.0427 0.390

b1 0.358 0.360 −0.617 1.199

b2 −0.652 −0.660 −1.450 0.250

σ 0.078 0.0919 0.0393 0.160

Table 2.2: 1961-2002: MCMCparameter point estimates and quantiles with corresponding point estimates from [1].

10−3 10−2



b0 0.0738 −0.0338 0.185

b1 0.234 −0.404 0.875

b2 −0.328 −0.991 0.335

σ 0.117 0.0689 0.171

Table 2.3:MCMC 1955-2015: parameter point estimates and quantiles.

bi = b[i+ 1]

Figure 2.1: 1961-2002: MCMCparameter posterior densities.



b0, b1 b2

|b0| ≤ |b1| ≤ |b2| b0, b2 > 0 b1 < 0

bi bi



Figure 2.2: 1961-2002: MCMC trace plots and posterior densities.
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{xt : t ∈ N}

t

p(xt|xt−1)

p(xt|xt−1, xt−1)

p(x0)

p(yt|xt) yt

xt

x0:t

y1:t

p(x0:t|y1:t)

yt+1 p(xt+1|y1:t, yt+1) =

p(xt+1|y1:t+1)



p(x0:t|y1:t) =
p(y1:t|x0:t)p(x0:t)∫

p(y1:t|x0:t)p(x0:t) dx0:t

.

p(x0:t|y1:t) p(x1:t|y1:t)

Prediction : p(xt|y1:t−1) =

∫
p(xt|xt−1)p(xt−1|y1:t−1) dxt−1

Updating : p(xt|y1:t) =
p(yt|xt)p(xt|y1:t−1)∫
p(yt|xt)p(xt|y1:t−1) dxt

p(xt|y1:t)



p(x0:t|y1:t)

π(x0:t|y1:t)

π p(x0:t|y1:t)

{x0:t|p(x0:t|y1:t) > 0} ⊆ {x0:t|π(x0:t|y1:t) > 0}

y1:t

w(x0:t)

w(x0:t) =
p(x0:t|y1:t)
π(x0:t|y1:t)

.

ft x0:t

∫
ft(x0:t)p(x0:t|y1:t) dx0:t∫

p(x0:t|y1:t) dx0:t
,



∫
ft(x0:t)w(x0:t)π(x0:t|y1:t) dx0:t∫

w(x0:t)π(x0:t|y1:t) dx0:t
,

π(x0:t|y1:t)

w(x0:t+1) w(x0:t)

π(x0:t|y1:t) π

π(x0:t|y1:t) = π(x0)
t∏

k=1

π(xk|x0:k−1.y1:k).

w(x0:t) ∝ w(x0:t−1)
p(yt|xt)p(xt|xt−1)

π(xt|x0:t−1, y1:t)
.



p(yt|xt) p(xt|xt−1)

π

π

t

t π(x0:t|y1:t, x0:t−1)

yt



t = 0

t > 1
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t



w(x0:t) ∝ w(x0:t−1)
p(yt|xt)p(xt|xt−1)

π(xt|x0:t−1, y1:t)
.

π(x0:t|y1:t) = p(x0:t) = p(x0)
t∏

k=1

p(xk|xk−1),

π(xt|x0:t−1, y1:t) = p(xt|xt−1)

w(x0:t) ∝ w(x0:t−1)p(yt|xt).

t

p(x0:t|y1:t)

PN(x0:t|y1:t) x(i)
0:t

w(i)
t

PN(dx0:t|y1:t) =
1

N

N∑

i=1

w(i)
t δ

x
(i)
0:t
(dx0:t),



N δ

δ
x
(i)
0:t
(dx0:t) =

⎧
⎪⎪⎨

⎪⎪⎩

0 x0:t /∈ dx0:t

1 x0:t ∈ dx0:t

dx0:t

N (i)
t

∑N
i=1 N

(i)
t = N

x(i)
0:t

PN(dx0:t|y1:t) =
1

N

N∑

i=1

N (i)
t δ

x
(i)
0:t
(dx0:t)

N (i)
t = 0 x(i)

0:t

Nt

{x(i)
0:t|1, ..., N}

w(i)
t

{1, ..., N}



t = 0

N ∈ N

T ∈ N

i = 1, ..., N x(i)
0 ∼ p(x0)

t = 1

i = 1, ..., N x(i)
t ∼ p(xt|x(i)

t−1)

i = 1, ..., N x(i)
t

w(i)
t ← Pr(yt|x(i)

t )

i = 1, ..., N

w(i)
t ←

w(i)
t∑N

j=1 w
(j)
t



S N

{1, ..., N}

Pr(S[i] = j) = w(j)
t

i = 1, ..., N

i = 1, ..., N

x(i)
t ← x(S[i])

t

t = T t← t+ 1

Nt xt

t = 0 t = 1

p(x(i)
t |x(i)

t−1)

p(Nt|N (i)
t−1, N

(i)
t−2)

p(Nt|N (i)
t−1, N

(i)
t−2) = Nt−1 (b0 +

2∑

i=1

biNt−i + σZt).

yt = Nt + StZt.



yt ∼ N(xt, S2
t )

St t

### Loading data

library(XLConnect)

data.input <− readWorksheetFromFile("duckdata.xlsx",sheet=1)

duck.N <− data.input[,16]/1000

### Model Parameters

k <− 2

### Filter Parameters

number <− 10000

endtime <− 61



### Storage for particle swarm and correspondng parameters

swarm <− matrix(NA, number, endtime)

param <− matrix(NA, number, 2+k)

### Population priors

for(t in 1:k){swarm[, t] <− rnorm(number, duck.N[t], duck.SE[t])}

### Parameter priors

param[,1] <− 0.194

param[,2] <− 0.358

param[,3] <− −0.652

param[,4] <− 0.0775

### The process model

mod.nextyear <− function(swarm2, params, num){

hidden <− swarm2[, 2]*exp(params[,1] + (params[,2]*swarm2[,2])+(

params[,3]*swarm2[,1]) + params[, 4]*rnorm(num,0,1))

return(hidden)

}

### Weights via likelihood from observation model

wts.L <− function(swarm1, time, dat.N, dat.SE){



wts <− dnorm(dat.N[time], swarm1, dat.SE[time])

wts <− wts/(sum(wts))

return(wts)

}

### Filter loop

if(endtime > 2){

for(t in 3:endtime){

swarm[,t] <− mod.nextyear(swarm[, (t−2):(t−1)], param, number)

wts <− wts.L(swarm[, t], t, duck.N, duck.SE)

smp <− sample(1:number, number, replace = TRUE, prob=wts)

swarm <− swarm[smp,]

}

}

1955-2015: BF implementation for population estimation.



Figure 4.1: 1955-2015: data population estimates between 1955 and 2015with error bars.

10, 000 1.07



Figure 4.2: 1955-2015: bootstrap filter population estimates with 95% quantile intervals.

105 106 2× 106

104 1

105 13

106 140

2× 106 462

Table 4.1: Bootstrap filter runtimes asN varies.

104 105 106

11

2× 106 3
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x(i)
0:t



Figure 4.3: 1955-2015: bootstrap filter with population and parameter estimation.

b0 −0.00179 0.0738
b1 −0.309 0.234
b2 0.236 −0.328
σ 0.149 0.117

Table 4.2: 1955-2015: Comparison of BF andMCMCparameter point estimates.

σ
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N(0, 1) Zt

θt

θt+1 = θt +ψt+1



ψt+1 ∼ N(0,W t+1)

W t+1

t x(i)
t

θ(i)t

t

p(θt|y0:t) N

p(θt+1|y0:t) ≈
1

N

N∑

i=1

N(θt+1|m(i)
t , h2V t),

N(·|m,S) m



S h > 0

V t m(i)
t

m(i)
t m(i)

t = θ(i)t

(1 + h2)Vt

Vt h > 0

m(i)
t

V t mt

m(i)
t = aθ(i)t + (1− a)θ

(i)
t ,

a =
√
1− h2 m(i)

t θ(i)t

p(θt+1|y0:t) ≈
1

N

N∑

i=1

N(θt+1|θ(i)t ,W t+1).

t



θt

t

h

Wt+1 = Vt+1(
1

δ
− 1)

δ

p(θ(i)t+1|θ
(i)
t )

p(θ(i)t+1|θ
(i)
t )

p(θt+1
(i)|θt(i)) ∼ N(θ(i)t+1|m

(i)
t , h2V t)),

m(i)
t = aθ(i)t + (1 − a)θ

(i)
t a = 3δ−1

2δ h =
√
1− a2

p(θt+1|y0:t) ≈
1

N

N∑

i=1

N(θt+1|m(i)
t , h2V t),

h



t + 1

Nt = Nt−1 (b0 +
k∑

i=1

biNt−i),



x(i)
t+1 x(i)

t θ(i)t

w(i)
t+1 =

p(yt+1|x(i)
t+1)

p(yt+1|µ(i)
t+1)

,

µ(i)
t+1 x(i)

t+1



x(i)
t

θt
(i)

t = 0

N ∈ N

T ∈ N

δ ∈ (0, 1]

a = 3δ−1
2δ

h =
√
1− a2

i = 1, ..., N x(i)
0 ∼ p(x0)

i = 1, ..., N µ(i)
t+1 = E(xt+1|xt,θ

(i)
t )

θt =
1

N

N∑

j=1

θ(i)t

i = 1, ..., N m(i)
t = aθ(i)t + (1− a)θt



i = 1, ..., N x(i)
t+1

w(i)
t ← Pr(yt|µ(i)

t+1,m
(i)
t ),

yt µ(i)
t+1

m(i)
t

i = 1, ..., N

w(i)
t ←

w(i)
t∑N

j=1 w
(j)
t

S N

{1, ..., N}

Pr(S[i] = j) = w(j)
t

i = 1, ..., N

i = 1, ..., N

x(i)
t ← x(S[i])

t

V t

i = 1, ..., N φ N(·|m(i)
t , h2V t)

θ(i)t+1 ← φ



i = 1, ..., N x(i)
t ∼ p(xt|x(i)

t−1)

i = 1, ..., N x(i)
t

w(i)
t ←

Pr(yt|x(i)
t )

Pr(yt|µ(i)
t )

i = 1, ..., N

w(i)
t ←

w(i)
t∑N

j=1 w
(j)
t

S N

{1, ..., N}

Pr(S[i] = j) = w(j)
t

i = 1, ..., N

i = 1, ..., N

x(i)
t ← x(S[i])

t

t = T t← t+ 1

Nt xt



t = 0

t = 1

p(x(i)
t |x(i)

t−1) p(Nt|N (i)
t−1, N

(i)
t−2)

### Load data and packages

library(XLConnect)

library(MASS)

data.input <− readWorksheetFromFile("duckdata.xlsx",sheet=1)



duck.N <− data.input[1:61,16]/1000

duck.SE <− data.input[1:61,17]/1000

### Model parameters

k <− 2

### Filter parameters

number <− 10000

endtime <− 61

dfactor <− 0.994

a <− (3*dfactor − 1)/(2*dfactor)

h <− (1−a^2)^0.5

reps <− number

### Storage for particle swarm and model parameters

swarm <− matrix(NA, number, endtime)

par <− matrix(NA, number, 2+k)

### Population priors

for(t in 1:k){swarm[, t] <− rnorm(number, duck.N[t], duck.SE[t])}

### Parameter priors

par[,1] <− rnorm(number, 0, 1)



par[,2] <− rnorm(number, 0, 1)

par[,3] <− rnorm(number, 0, 1)

# Equivalent to IG(0.001,0.001) and truncated to plausible values

par[,4] <− sqrt(exp(runif(number, −10, 2)))

### The process model

model.nextyear <− function(swarm2, params, num){

hidden <− swarm2[, 2]*exp(params[,1] + (params[,2]*swarm2[,2])+(

params[,3]*swarm2[,1]) + params[, 4]*rnorm(num,0,1))

return(hidden)

}

### Function to compute weights via likelihood

weights.L <− function(swarm1, time, data.N, data.SE){

weights <− dnorm(data.N[time], swarm1, data.SE[time])

weights <− weights/(sum(weights))

return(weights)

}

weights.quo <− function(swarm1, mu.t, time, data.N, data.SE){

w1 <− dnorm(data.N[time], swarm1, data.SE[time])

w2 <− dnorm(data.N[time], mu.t, data.SE[time])



weights <− w1/w2

weights <− weights/sum(weights)

return(weights)

}

### Prior point estimates

ppe.mu <− function(swarm2, params){

mu <− swarm2[, 2]*exp(params[,1] + (params[,2]*swarm2[,2])+(

params[,3]*swarm2[,1]))

return(mu)

}

ppe.mt <− function(params, A){

mt <− A*params

for(i in 1:dim(params)[2]){

mt[,i] <− mt[,i] + (1−A)*mean(params[,i])

}

return(mt)

}

### Parameter kernel smoothing with shrinkage

par.update <− function(params, MT, H, num){

par.new <− matrix(NA, num, dim(params)[2])



v <− H^2*var(params)

for(i in 1:num){

par.new[i,] <− mvrnorm(1, MT[i,], v)

}

return(par.new)

}

### Filter loop

if(endtime > 2){

for(t in 3:endtime){

# Step 1: Prior point estimates

mu <− ppe.mu(swarm[,(t−2):(t−1)], par)

mt <− ppe.mt(par, a)

# Step 2: Sample via auxillary integers

wt <− weights.L(mu, t, duck.N, duck.SE)

g <− sample(1:number, reps, replace=TRUE, prob=wt)

swarm <− swarm[g,]

par <− par[g,]

mu <− mu[g]

mt <− mt[g,]

# Step 3: Update parameters



par <− par.update(par, mt, h, reps)

# Step 4: Sample via system process

swarm[, t] <− model.nextyear(swarm[, (t−2):(t−1)], par, number)

# Step 5: Resample to simulate final weighting and adjust

parameter order

wt <− weights.quo(swarm[,t], mu, t, duck.N, duck.SE)

smp <− sample(1:reps, reps, replace=TRUE, prob=wt)

swarm <− swarm[smp,]

par <− par[smp,]

}

}

1955-2015: APF implementation for combined parameter and population estimation.



N = 104

δ = 0.994

Figure 5.1: 1961-2002: APF population estimates forN = 104.



b0 0.194 0.179 0.164 0.0802 0.327

b1 0.358 0.501 0.594 −0.685 1.06

b2 −0.652 −0.790 −0.863 −1.327 0.137

σ 0.078 0.0840 0.069 0.0457 0.135

Table 5.1: 1961-2002: APF parameter posterior summaries forN = 10, 000.

b0 σ

10−3

δ = 0.994

N = 2× 106



Figure 5.2: 1961-2002: APF paramater posterior densities forN = 104.

Figure 5.3: 1961-2002: APF population estimates forN = 2× 106.



b0 0.194 0.196 0.185 0.043 0.376

b1 0.358 0.343 0.304 −0.590 1.155

b2 −0.652 −0.647 −0.673 −1.413 0.199

σ 0.078 0.044 0.095 −0.151 0.167

Table 5.2: 1961-2002: APF parameter posterior summaries forN = 2 × 106 with theMCMCbenchmark from [1]

(3.s.f).

b0, b1 b2

N = 104 σ

0.078

σ

σ ∈ R+ σ

σ σ Zt N(0, 1)

Zt σ



Figure 5.4: 1961-2002: APF parameter posterior densities forN = 2× 106.

σ

σ

0.0969



N = 104 N = 2× 106 N = 104 N = 2× 106

b0 0.194 0.179 0.196 0.0146 0.0174

b1 0.358 0.501 0.343 0.143 0.0155

b2 −0.652 −0.790 −0.647 0.138 0.00524

σ 0.0775 0.0840 0.0969 0.00650

Table 5.3: Summary of APF point estimates and corresponding errors relative toMCMCbenchmark over 1961-2002

(3 s.f.).

N = 104

b0 0.194 0.357 0.179

b1 0.358 −0.245 0.501

b2 −0.652 −0.303 −0.790

σ 0.0775 0.110 −0.0840

Table 5.4: (1961-2002) Comparison ofMCMCbenchmark, APF and bootstrap filter point estimates withN = 104

(3.s.f).



N = 2× 106

b0 0.194 0.208 0.196

b1 0.358 0.206 0.343

b2 −0.652 −0.528 −0.647

σ 0.0775 0.0986 0.0969

Table 5.5: (1961-2002) Comparison ofMCMC, APF and bootstrap filter point estimates withN = 2× 106 (3.s.f).

1000

2 × 106

δ = 0.994



N = 104

Figure 5.5: 1955-2015: APF population estimates withN = 104.

N



b0 0.0738 0.143 0.132 0.125 0.172

b1 0.234 0.429 0.460 0.176 0.591

b2 −0.328 −0.665 −0.716 −0.808 −0.449

σ 0.117 0.103 0.0962 0.0829 0.132

Table 5.6: 1955-2015: APF parameter posterior summaries forN = 104 withMCMCbenchmark (3.s.f).
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δ = 0.994



δ

N = 2× 106 N = 4× 106

δ = 0.994 δ = 0.9999 δ = 0.994 δ = 0.9999

b0 0.0738 0.0603 0.0922 0.0786 0.0601

b1 0.234 0.440 0.177 0.331 0.236

b2 −0.328 −0.523 −0.293 −0.438 −0.323

σ 0.117 0.0861 0.122 0.100 0.119

Table 5.7: 1955-2015: APF parameter posterior means with a variety of starting configurations.



N = 4 × 106 δ = 0.9999

δ = 0.994

1

N = 4 × 106

b0 0.0783 0.0590 0.0601

b1 0.234 0.231 0.236

b2 −0.328 −0.303 −0.323

σ 0.117 0.118 0.119

Table 5.8: 1955-2015: APF (δ = 0.9999) and bootstrap filter posterior means withN = 4× 106.

b2

4

N

δ



δ

δ

N δ

δ

N

10



N = 104 N = 105 N = 106 N = 2× 106 N = 4× 106

7 64 706 1333 2772

0.2 1 17 32 74

Table 5.9: Comparison of runtimes (in seconds) for the APF and BF over 10 projective steps.

N

N
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ESS =
1

N∑
i=1

(
w(i)

t

)2
,

w(i)
t t

1

N

N



t = 0 1, ..., N

t t = 0

l(x(i)
0 )← i



i = 1, ..., N N l(x(i)
0 )

x(i)
0

C N

i = 1, ..., N

C[l(x(i)
t )]← C[l(x(i)

t )] + 1

i = 1, ..., N

C[i]→ 1

N
C[i].

1
N∑
i=1

(C[i])2

t

Xt NA(Xt)

NA(Xt) =
1

N∑
i=1

(
|Di|
N

)2
=

N2

N∑
i=1

|Di|2

Di t = 0 i



δ

δ N

δ

N δ

δ

δ

δ

δ



1

t → ∞

δ = (1− c)

[
NA(Xt)− 1

NA(Xt) + 1

]
+ c .

c [0.95, 1)

Figure 6.1: A plot of the proposed relationship between the AESS and δ with c = 0.95.

δ [c, 1)

c
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### Load data.

library(XLConnect)

data.input <− readWorksheetFromFile("duckdata.xlsx",sheet=1)

duck.N <− data.input[1:61,16]/1000

duck.SE <− data.input[1:61,17]/1000



endtime <− 61

### Initialise x−axis labels.

yrs <− rep(NA, endtime)

for(t in 1:endtime){

if(t %% 10 == 1){

yrs[t] <− 1954 + t

}

}

### Original data with error bars.

plot(duck.N, col="green", xlab="Year",ylab="Population Size (in

millions)", xaxt="n",ylim=c(0.3,1.5))

axis(1, at=1:endtime, labels=yrs)

t <− c(1:endtime)

arrows(t, duck.N−duck.SE, t, duck.N+duck.SE,length=0.02, angle=90,

code=3)

par(mfrow=c(1,1))



### Initialise x−axis labels.

yrs <− rep(NA, endtime)

for(t in 1:endtime){

if(t %% 10 == 1){

yrs[t] <− 1954 + t

}

}

### Plot of APF population estimates with 95% quantile intervals.

lowbound <− numeric(endtime)

upbound <− numeric(endtime)

for(t in 1:endtime){

lowbound[t] <− quantile(swarm[,t], c(0.025))

upbound[t] <− quantile(swarm[,t], c(0.975))

}

est.pop <− numeric(endtime)

for(t in 1:endtime){

est.pop[t] <− mean(swarm[,t])

}

plot(duck.N, col="green", xlab="Year", ylab="Population Size (in

millions)", xaxt="n", ylim=c(0.3,1.5))



axis(1, at=1:endtime, labels=yrs)

legend("topleft", pch = c(1, 1, NA), lty=c(NA,NA,2),

col = c("green", "red", "blue"), bty = "n", cex=0.8,

y.intersp = 2,

legend = c("data", "estimates", "quantiles"))

points(est.pop,col="red")

lines(est.pop, col="black")

lines(lowbound, col="blue", lty=2)

lines(upbound, col="blue",lty=2)

### Function to compute mode of approximate density of sample.

estimate.mode <− function(x) {

d <− density(x)

return(d$x[which.max(d$y)])

}

### Compute parameter point estimates and quantiles.

est.max <− numeric(dim(par)[2])

est.mean <− numeric(dim(par)[2])

est.parlow <− numeric(dim(par)[2])



est.parhigh <− numeric(dim(par)[2])

for(i in 1:dim(par)[2]){

est.max[i] <− estimate.mode(par[,i])

est.mean[i] <− mean(par[,i])

est.parlow[i] <− quantile(par[,i], c(0.025))

est.parhigh[i] <− quantile(par[,i], c(0.975))

}

### Create matrix containing posterior summary statistics.

est.par <− rbind(est.max, est.mean, est.parlow, est.parhigh)

colnames(est.par) <− c("b0","b1","b2","sigma")

rownames(est.par) <− c("Posterior Maximum", "Posterior Mean", "2.5%

Quantile", "97.5% Quantile")

print(est.par)

par(mfrow=c(2,2))

### Plot parameter posterior densities.

plot(density(par[,1]), main="b0 Posterior Distribution")

plot(density(par[,2]), main="b1 Posterior Distribution")

plot(density(par[,3]), main="b2 Posterior Distribution")

plot(density(par[,4]), main="sigma Posterior Distribution")



B



Table B.1: Redhead population estimates with standard errors 1955-2015 (in thousands).

1955 539.9 98.9 1986 559.6 60.5
1956 757.3 119.3 1987 502.4 54.9
1957 509.1 95.7 1988 441.9 66.2
1958 457.1 66.2 1989 510.7 58.5
1959 498.8 55.5 1990 480.9 48.2
1960 497.8 67.0 1991 445.6 42.1
1961 323.3 38.8 1992 595.6 69.7
1962 507.5 60.0 1993 485.4 53.1
1963 413.4 61.9 1994 653.5 66.7
1964 528.1 67.3 1995 888.5 90.6
1965 599.3 77.7 1996 834.2 83.1
1966 713.1 77.6 1997 918.3 77.2
1967 735.7 79.0 1998 1005.1 122.9
1968 499.4 53.6 1999 973.4 69.5
1969 633.2 53.6 2000 926.3 78.1
1970 622.3 64.3 2001 712.0 70.2
1971 534.4 57.0 2002 564.8 69.0
1972 550.9 49.4 2003 636.8 56.6
1973 500.8 57.7 2004 605.3 51.5
1974 626.3 70.8 2005 592.3 51.7
1975 831.9 93.5 2006 916.3 86.1
1976 665.9 66.3 2007 1009.0 84.7
1977 634.0 79.9 2008 1056.0 120.4
1978 724.6 62.2 2009 1044.1 106.3
1979 697.5 63.8 2010 1064.2 99.5
1980 728.4 116.7 2011 1356.1 128.3
1981 594.9 62.0 2012 1269.9 99.2
1982 616.9 74.2 2013 1202.2 90.5
1983 711.9 83.3 2014 1278.7 102.5
1984 671.3 72.0 2015 1195.9 92.9
1985 578.2 67.1



http://www.fws.gov/migratorybirds/pdf/surveys-and-data/
Population-status/TrendsinDuckBreedingPopulations.pdf
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